Diendan.hocmai.vn [Toan 9] Tan phuong trinh va hé phuong trinh

Giai phuong trinh:

>+ +5=5

Giai: Ta co:

P +Vr+5=5

sP=5-Vx+5
@az2+x+i=x+5—2;\/x7+5+i
& (043 = (VaT5- )

Giai phuong trinh:
a) x>+ +12v/x + 1 = 36
b) 222 +4 4+ 42 —x = V922 + 16

a)

36 —22—x—26+/2+1=0
r+1-26/2+1+36—(22+22+1)=0

Ve +1-62—(z+1)2=0
Vet+tl-6-—2—-1)(Vor+1-6+2+1)=0

b)

2v22 +4+ 42 — 1 =922 + 16

= 4(27 +4) + 16(2 — ) + 16\/(4 — 22)2 = 922 + 16
& 81+ 16 + 32 — 162 + 16v/8 — 222 — 922 — 16 = 0
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& 16vV8 — 222 — 81 +32— 922 =0

& 4(8 —22%) +16v/8 — 222 + 16 — 8x — 922 + 822 — 16 = 0
& (2vV8 222 +4)2 — 22 —8xr—16=0

& (2vV8 -2 +4)? — (x+4)?%=0

Giai phuong trinh:

T+ vV4E—22=2+3xV4— 22

Giai

DitvVi—22=a (a>0)
=4-—’=a’e1?=4—-0d°

2—a s (2—a)?

= -~ 7
1 -3¢ "~ (1—3a)?

var+a=2+3ra=>2=

4 — 4q + a?

=4 —a? =
“ 1 — 6a + 9a?

= (1 —6a +9a*)(4 — a®) = 4 — 4a + a®

&4 —a® —24a + 6a% + 36a® — 9a* = 4 — da + d®
& 9a* — 6a% — 34a% 4+ 20a = 0

& a(9a® — 6a — 34a +20) = 0

& ala —2)(9a® + 12a — 10) = 0
Sa=0a=29"+12a—-10=0 (1)

A’:62—|—10.9:129:>a:_6+9\/@ (a > 0)
Giai phuong trinh:

2?4+ Vo2 + 11 =31

Giai:

4Vl +1l=31e (@ +11)+ Va2 +11 -42=0=2>+11=36 = v = &5
Giai h¢ phuong trinh sau:
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V=TT
Ty =Vrty+2
Giai:
Tact: Vz—y=vr—y&e (v —y)?=(x—y)°
r=y
r=y+1

=

THl: z =y
oty = VITYT2

& 2r =20 +2

Sl =224+2=>r=y=1

TH2: x =y +1

T4y=\r+y+2
2+ 1=2y+3

S Ay +dy+1=2y+3

_2’95_2
1 I 1 1
4x — 2006 + 5z + 2004 15z — 2007 B o6x — 2005
1 1 1 1

4r — 2006 5z + 2004 15r — 2007 6 — 2005
- 9 — 2 B —(9z — 2)
(4 — 2006)(5z + 2004) (152 — 2007)(6z — 2005)
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X

B+ 3)=4(y+ ;) =5(z+1)

xy +yz+zx =1

Giai:

Viét lai phuong trinh dau nhu sau: véi x,y,z khac O :
x B Yy B 2 (1)
3(x2+1)  4(y2+1)  5(224+1)

(1) = néu (:Co, Yo, Zo) la nghiém 0 dﬁy xo > 0,90 > 0,29 >0 thi —X0, —Yo, —20 Cfil’lg

12 nghiém (1) dan t6i (1) c6 nghiém cung diu

C
T :tani,y :tang,z = tan —

. A B C A
Laicddo: (2) tan §.tan§ + tan E.tan§ + tan §.tan§ =1
nén A,B,C la 3 goc cua 1 tam giac

.. tan%
lai ¢6: sin A = ——=—+
1 + tan? 5

sinA  sinB  sinC

3 4 5
= cac cap canh doi dién ciing ti 1€ : a,b,c 1a cac canh doi dién véi goc A,B,C
a b ¢

Nén: (1)

3 4 5
Nén tam giac nay la tam giac vuong tai C = C' = 90

dan téi z = tan45° =

Thé vao PT(1) dudc = = :1)), Yy = ;

Nén HPT c¢6 1 nghiém la (;, ;, 1)

theo ly luan trén dau bai dan tdi hé cling c6 nghiém (—;, —;, ~1)
KL :HPT c6 2 nghiém (;, ;, 1), (—:15, —;, —1)

B8

6 8
=6
\IS—:U+\IQ—3:

Box Toan hoc 7
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Giai:

PK:z <2
6 8

& -2 —4=0
33— + 2—=x
0 —4 28 — 16

o 3—63: 12— 0

2 4

3—:13+ 2—x+

3_ 4 5 o — 16

& : + : —0
5, 2 5, T4

< (22 —-3)(...)=0

ma (...) khac O nén ta dudc x = ;

2(2% — 32 +2) = 3vVa3 + 8

Giai:

bK:z> -2

& 2022 =20 +4— (2 +2)] =3/(v +2) (22 — 27 + 4)

bit a=vVr+2;b=va?2—-2x+4 (a,b>0

Ta dudgc 2(b? — a?) = 3ab
< (a+2b)(2a—0)=0

V20 +3+vVr+1=3x+2V222+52x+3—16

Giai:

Box Toan hoc
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PK: .. bitt = VT (PK: t > ...) PT trén tuong duong v6i t = > — 20
(t—5)(t+4)=0

Var — 1+ V42?2 — 1 =1 Giai:
bK ...

SVirz—1=1—+4x -1

2 vé khong am binh phuong 1én thu dudc
4y — 2422 — 1 =42? — 1

& 2V4r2 — 1= —(20 — 1)

PT danh gia: VT' > 0 ;VP <0

Ta dudc nghi€ém x :;
V2 £ 2x + 22 —1=+322 + 42 + 1
Giai:

PK 1 céc bi€u thic trong d4u cin khong Am

bita = Va2 + 2z, b=+/2x —1(a,b > 0)

PT tré thanh
a+b=+/3a2 - b2

< a? + 2ab + b = 3a% — b2

& 202 — 2ab — 22
1+\/§b
2

22— 22 +3 =222 — 2+ 1+ 3z — 322
Giai:

Theo AM-GM

Box Toan hoc 9
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2_
Vor2 — o < 2z 2£U+1

\/1+3x_3x2§1+3x+?ﬂ12+1
—224+2r+3

2
S22 —4dr+6+22—-2r—-3<0

:>a:2—23:+3§

s3x—-1)2<0
= =1

r + 3.2% = 22 — 2008z + 2008
trt = 22% — 2008(x — 1) = 22* — 2008(1? — 4)
& —2008t2 — tot + (22 +2008.4) = 0

A = 2% — 4(—2008)(22* + 2008.4) = 2® + 2.4.2008z* + (4.2008)% = (z* 4 4.2008)?
zt — (2% + 4.2008)

B —2.2008

hay Ve +3=22r=4-3=1

4 4
x* 4+ x* + 4.2008
— . 3
2 —2.2008 VTt

| =2

VIETFI - JiTy=1
3r+2y =4

Giai:

V2ze+y+Il=a
VIFG=b

a—b=1
Hé
a2

+b*=5

Box Toan hoc 10
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x4—x3y+x2y2:1
wdy — 2?4y = —1

Giai:

-2y =a

bat:

By=>
Hé tuong duong:
a2 +b=1
a—b=-1

a=—1

b=10
= (z,y) = ...

4 + V22 + 2010 = 2010

Giai:
bitz? =a, Va2 +2010 =t
| @+t =2010
Ta co:
2 —a = 2010
Sla+t)a—t+1)=0
B18

ry+r+1="7y
r2y? + 2y + 1 = 132

——

Box Toan hoc 11
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Giai:
Nhan thiy y = 0 khong phai nghiém.

H¢ trén tuong duong vdéi:
x 1
r+—+-=7
y vy
9 X 1
y v

1
T4 =T
y vy

a+b="7T
a? —b=13

« 9. .

Tir day dé dang giai tiép.

P +rx+12vz+1=36 (1)

bK:z > -1

e (@+1)2—(r+1)+12/x+1=36
bit: t = o +1 (t>0)

t* —t2+12t —36 =0

t* = (t —6)?

Vi+l4+z+2=v2224+6x+6 (1)

Box Toan hoc 12
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vVr+1l=a (a>0)
r+2=0 (b>1)
(D)= a+b=202—2a2 < a® + 2ab + b* = 2% — 242
& 3a® 4 2ab — b* = 0
< (Ba—0b)(a+b) =0
Doa,b>0nén3vz+1=x+2
& 92 +9=2”+4x+4
e r?-5r—5=0
Giai hé phuong trinh:
x(3x +2y)(x+ 1) =12

a) (1)
2?4+ 4r +2y —8=0

b) xix+2)(2x+y):9 )
r*+4r+y—6=0

Giai:
a)

(32 + 2y) (2 4+ x) = 12
(1)<
v’ +4x+2y—8=0

y a =3+ 2y
bat:
b=2a%+x
Nhu vay thi:

ab =12
a+b=2=8

Box Toan hoc 13
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a =2
b=26
~
a=206
b=2
b)
(2% +22)(2z +y) = 12
(1)e
?+4x+y—6=0
5 a=az%+2z
bat:
b=2x+y
Nhu vay thi:
ab=29
a+b==06
a=3
<~
b=3
2%+ 22 —3=0
<~
20 +y =3
r=1
r=-3
~
y=1
y=9

Nghiém: (z;y) = (1;1); (3; -9)

Box Toan hoc 14
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42 60
J5—x+\l7—x:6
Giai:

DK:x <5

Néu z € (—oo;?l)) thi VT > 6
N&xec;mﬂﬁVT<6
N&m:i;m1VT:6

< . 1
Keét luan: Vay phuong trinh c6 nghi€ém duy nhat x = 3

3
x +2x+2—\/x2—|—5x—l—7—|—\/x2—2x—8

a? + b?
bitva2+52+7=a; vVaz—2r—8=10> (a,b>0) Tacé: 5 +1=a+0b
a4+ 0*+2—-2a—-2b=0
(a—1)2+(b-1)>%*=0

Pén day ta xét diu bang xay ra, thay vao tim x

Keét qua: vo nghiém

B24

V2 + 4+ 42—z =922 + 16
Giai:

Binh phuong 2 vé:

8z + 16 4+ 32 — 16 4 16\/2(4 — 22) = 922 + 16
&2 +8r+16 =8(4 —2?) +16(/2(4 — 22) + 16
& (x+4)% = (2y/2(4 — 22) +4)?

Box Toan hoc 15
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Giai:
Ta thiy: « # +y

Tu day ta co:

17(z — y)(z +y)* = 9z — y)(z* + ¢?)

& 42 4+ 1Tzy + 49> = 0

& dr+y)(dy+2)=0
r=4

Giai:

y a=2x
bat:

b=y—=x
a’>+ b =5

ab+a+b=>5

i
8,—/‘

B
x2+y2—xy:1
x3+3y3:x+3y

Q/—/%

iai:

& Heé dbi xiing

Box Toan hoc
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Viz? 4+ y? — zy = 1 nén:

2 + 3y = (x + 3y) (2% + y* — xy)

23 + 3% = 23 + 2y? — 2%y + 322y + 3y — 3ay?
223 + 222y — 222 = 0

zy(x —y) =0

Tim ngi€ém nguyén duong cua hé:

27 =2y
29 = 2x
Giai:

Voie>ye2t>2292y=2">22=2r s y>x (vOoly)
Voiz<ye2<29s ... ao>y (voly)

Vay z =y

Thay vao:

20 = 2x

Thit vé6i cac s6 1,2,3,4,...

Ta dugc nghiém: (z;y) = (1;1);(2;2)

e —xy+y>=3

Z4yz+1=0
Giai:
Tur phuong trinh thd nhit ta c6 x 13 4n, y 13 tham so:
A=y -4 +12=-32+12>0¢y> <4

Tur phuong trinh thd hai coi z 12 4n, y 12 tham s6:

Box Toan hoc 17
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A=y’ —4>0y>4
Suyra > =4 y=42
V6i y=2thi r=1va z= -1
Vé6i y=—-2thi z=-1va z=1
xy+r+1="7y
?y? + zy + 1 = 13y?

Giai:
Nhan thiy y = 0 khong phai nghiém ctia hé

Ta chia 2 vé ctia phuong trinh thit nhét cho y, chia 2 vé clia phuong trinh thit hai cho

y?, ta dudc:
r 1
r+—+-—-=7
, Vo
A
y> yly2
€T
(x+-)+-—=7
vy
o
1
(@+-)2—2=13
§ Y Y
bat:
1
a=x+ —
Y
T
Y

Hé tré thanh:
a+b="17
a’?—b=13

Cong ve theo ve, gidi ra a va b sau do thay vao

Box Toan hoc 18
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Tim nghiém nguyén duong: 3xyz — byz +3x +32 =5
Giai:
Cdch I: Bién ddi phuong trinh:

3 -2
rxr=1;y=1; z=2 Cdch 2:

Tir dé bai ta dugc:

Bz —=5)(yz+1)+32=0

Néu 2 >2 thi 3z —5>1,khidé (3z —5)(yz+1)+32>0
Dodézx =1

Sau do thay vao...

B32

Giai hé:

ry+y+2x+2=4

a) { yz+22+3y=2 (1)

rz+z+3r =295

Ve+y=4

b) (2)
VT +5+4y+5=>5
Giai
a)
1) <
(x+1)(y+2)=4
(2+3)(y+2)=8 LAy pt 1 chia pt 2 r6i nhan pt 3 ta dudc (z + 1) =4
(x+1)(2+3) =

Tur day ta thay vao giai ra

Box Toan hoc 19



Diendan.hocmai.vn [Toan 9] Tan phuong trinh va hé phuong trinh

b)
Dita=2+y; b=ay (a,b>0;a®> > 4b)
Ta co:

a+2vb=16

a+ 10+ 2v/5a + b+ 25 = 36
=Vha+b+25—vVb=5

-

5a+b+25=25+10Vb+b

a = 2\/1_)

a’ = 4b

< r =1y (nghiém kép cua phuong trinh bac 2)
Do do:

Giai:
THy+z=2 < 224+ y>+ 22+ 22y + 2yz + 2wz = 2y — 22
(x+2)%+(y+2)?=0
r+2=0&y=2
-
y+z2=0&2=2
r=y=2; z=-—2

B34
AVrit+r+vVr—2=x+1

Box Toan hoc 20
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b) (z? +1)(y* +2)(2* +8) = 32zyz (2,y,2 > 0)

c)
r+1 4y—1)Jy—1+4
+ =10
v (y — 1)
Giai:
a)
Ap dung BPT Cauchy:

r+ao+1

2 < -
Ve +x < 5

T_x2<:1:+1—x

2
st +r—a?<

r+r+14+x+1—2
2

= x + 1 Vi phuong trinh la truong
hop x4y ra diu bing nén:

r=x+1

r=1—-ux

Do d6 phuong trinh v6 nghiém

b) Ap dung BDT Cauchy ta co:

2 4+1> 2

y? 42> 2V/2y

224+ 8> 4422

= (224 1)(3% +2)(22 + 8) > 322y~ Phuong trinh chinh 12 trudng hop diu bang x4y

ra nén:

c¢) Ta co:
r+1

/T

Box Toan hoc 21
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bat:a = Yy —1 (a #0)
Ay—1)y—1+4 da*+4

> 8
(y—1)? a®
1 4dy—1)Jy—1+4
s T = DVy + > 10 Phuong trinh xay ra:
VT (y — 1)
r=1

Jy—1 &< y=2
& (z3y) = (1;2)

20 — 2t 222y = 2

y5—y4—i—2y2,z:2

2= 4220 =2

Giai:

Nhan thdy: = =y = z = 113 1 nghiém ctia hé
Néux>1 =2=2°"—2442220> 2% — 24 4222
= (z-1)(*+224+2)<0=z2<l=y>1=2<1 (voli)
Déi véi trudng hop x < 1 thi tuong tu

Vay hé c6 nghiém duy nhat: z =y = 2 = 1

a) 22 —\r+5=5

b) 2z + 15 = 3222 4 322 — 20

) Vizr+1—-vVa?l—2—84+Va2—-8r—-1=2
d) v97T—x+vx—15=14
e)Vr+5=r2—4x+3

P Y o SUSRN

3x — 2
T vo+1

g) —2 =3
x+1 N

Box Toan hoc 22
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Giai:

a)DK: z > -5

bat: vz +5=1¢(t > 0)
stl=r4+5t2—-x=>5
Pua vé hé:

t?—x=5

2?2 —t=5
S@—-t)(z+1+1)=0
b) Bién d6i:
V2r+15—4 =82z — 1)(2z + 3)
v 1 8(2z — 1)(2 + 3)
= xr — X
V2r +15+4

D3 xuit hién nhan ti chung

c) bit 3 cai cin bac 3 1an luot 12 a,b,c thi suy ra:
(a—b+cP=a’-0+ 3

D PitvVIT—z=a; Vo —15=b; = {a+b=4a* + b! =82
e) bKiz > -5

Phuong trinh ban dau:

eVJr+b—2=z2—4x-5

x4+ 1
@m:(erl)(a:—B)

r=—1

1=[(z+5)—10](vVz+5+2) ()

=

bE xit 1i (*), ta ddt /z +5 =y (y > 0). Khi do:
(2) = (¥ —10)(y+2) =1
y3+2y? — 10y — 21 =0

(y+3)(y*—y—T7)=0

Box Toan hoc 23
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1++v29 5+ +v29
= o=
2 2
Q?Q
f)ﬁ—\/3x—2:1—x
x_
e —3cx4+2=(1—-2)V3z—2
Sx-2)z—1)+(x—-—1)Vv3x—-2=0

Sx—1)(r—2+V3r—-2)=0

Yy

) x _2\/$—|—1
&1 NZ3
PbK:z >0

=3

B37
)32 +2r =2Vl +1—z
DvVe+1+2x4+1)=2—-1+vVI—2+3V1—22
Giai:
a) DK: x < —1hoacz > 0
302 420 =2Vl tr+1—x
e Wr2tr—-12+2%+2-1)=0
o W2+ z-1)BVaZ+z+1)=0
Vitz=a (a=0)
Vi-z=0b (b>0)

Box Toan hoc 24

b) bat:




Diendan.hocmai.vn [Toan 9] Tan phuong trinh va hé phuong trinh

Suy ra:
a +b? =2
a+a®+2=b+3ab
208+ +a—b—3ab=0
s (a—0)2+(a—0b)+ala—b) =0
S(a—bla—b+1+a)=0
& (a—b)(2a — b+ 1) = 0 Bén day thit tiing trudng hop, it a theo b (b theo a) roi
thay vao tinh

22 —6x—2y —15=0
22y —3zy+224+6=0 (x,y,2 € Z)

22y +2y+12—42<0

Giai:

Ta co:

(22 — 3z — 2y — 15) + 2(z%y — 3vy + 224+ 6) + (2%9% + 2y + 12 — 42) < 0
= (ry+2)? —6(xy +2)+9<0

(zy +2 —3)2<0

ry+r—3=0z(y+1)=3 (z,y € 2)

2 +y? —dx + 2y = —3

2 —zy+y? +r—2y =12
Giai:

2 +y? — 4o+ 2y = -3 (1)

(z—y)? + 22+ y>+ 20 —dy =24 (2)
Lay (2) tru (1):

(z —y)* +6(x —y) =27

Box Toan hoc 25
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rT—y=3
r—y=9

Vr+1+Vr—1=+>z

Giai:

e+ 1+ —1=+bx

& (Vo +1+Vz—1)° = (Vou)?
®2x+3m:5x

& J(@22-1)br==x

& 5xd — 5 = 28

& (42> —5) =0
x =0
N T = :I:é
2
Phuong trinh nghiém nguyén:
a) 204323 +1 = ¢?
b) 14+ 22423+ a2t =y*
c) 1+ x4 22 =9?
Giai:
St dung phuong phdp kep d€ giai:

a) Néu = > 1 thi

(3 +1)2 < 9? =25 + 323 + 1 < (2% + 2)? & v0 nghiém

Néu z < —2 thi:

(23 +2)? <y =%+ 323 +1 < (23 + 1)2 (vO nghiém)

Vay, ta thit x = 0 hodac x = —1, suy ra x = 0 la nghiém

Box Toan hoc
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b)

Néu x > 1 thi:

ot <yt < (z+1)* (voli)
Néu z < 1 thi:
>yt > (z+ 1) (vo i)
Dodoxz =0

c)

Tuong tu cau a)
VI=2x+V142zx=22>+2
Giai:

Khi do ta co:

2 4+2>2

1 +2c+1—2c

\/1—}—21‘—|-\/1—2$§2J 5
=>VI-2t4+VI+2r=22+2< =0
(222 +2)% =4y - 3

Giai:

(222 +2)% + 3 = 4y?

Ta théy: (222 + 2)%:4

4y%:4
Ma 3 /4 nén phuong trinh vo nghiém

1:3y2 = -8

29+ y® = 56
Giai:

2

Box Toan hoc
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bat:

3 =avay?=10(y>0)

Hé tré thanh:
ab = —8
a® +b* =56
a=—2
b=4
T6i day ta thay vao va giai ra.
VT —2+VE—x+22—-5=22%2 -5z (1)
bK: Z <xr<A4

1) eve—2—-1+Vi—oz-1+2r—5—-1=22%2 53
r—2—1 4—x—1 20 —H —1
=(z—-3)2z+1)

=
\/x—2+1+\/4—x+1 \/23:— +1
1

_3 _ o —1)=0
& (@ )(\/x—2+1 vz —x—l—l \/293— i)
Sr=3

V1322 + 170 + 7+ V722 +8x + 13+ Va2 — 2 + 19 = 3V3(z + 2)
Giai:

75
VT:J(:):—l)Q-I—+\/(2x—1)2+3(:€—|—2)2—|—J

1 3
(20 —1)2 + Z(4x + 3)2

4 4
75 3
> \/2—+\/§\x+2|+\g_\4a:+3| >3V3(x+2)=VP
. 1
Nhu vdy phuong trinh c6 nghiém x = 5
B47

Y3 — 922 + 272 — 27 =0 (1)
23— 9y? + 27Ty —27=0 (2)

13— 922 +272 - 27=10 (3)
Giai:
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Tu hétaco: z,y,z > \;Z_l > 2

Khong mét tinh téng quat gid si: = >y (do vai tro binh dang)
Trit phuong trinh (1) va (2) theo vé:

v =2 =9 —y)(r+y) - 27z —y) =9z —y)(z+y—3) >0
&y > z Tuong tu: Tu (2) va (3) ta dugc:

224 Y>a

Ma theo gia thiét thiz > ynénz =y

Nhu vay tadudcz =y = 2

Thé viotadudc: zt =y =2 =3

Tim k d€ phuong trinh sau c6 nghiém:

(2% 4 2)[2202x(2k — 1) + 5k* — 6k + 3] = 22 + 1

Giai:

Phuong trinh tuong duong:

(22 +2)[2% — 222k — 1) + (4k%> =4k + 1) + (B> =2k + 1) + 1] =22 + 1
S (@ +2)(2? =2k + 1)+ (@®+2)(k—1)2+ (2 - 1)2=0

Sr=k=1
Va2 —dx+5— Va2 =20 +4 =22 +4r +7— V22 + 21 +8
Giai:

Vil —dr+5+ Va2 +2r+8=Val+dr+T7+ V22 —2x+4

sqrtz® +4x +7 — (20 — 1)+22 =22 +4 — (22 — 1) = Va2 + 4o + T+V22 — 22 + 4
Dén day ta xét:

1 : 8 .
T =3 l1a nghiém cua phuong trinh
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T > ; thi 2z — 1 > 0 din dén VT > V P (vd nghiém)
xr < ; thi 22 — 1 < 0 dan dén VT < V P (vd nghiém)
Vay phuong trinh ¢6 nghiém duy nhit: z = ;

a) Tim tat ca cac s6 nguyén khong 4m x,y sao cho:
(y+ D4+t = (2 +1)% + 22

b) Cho phuong trinh

myv20 4+ 1 = 3(z* 4 2)

c¢) Giai phuong trinh:

et (x—1)(2%2 =22 +2)=0

Giai:

a)

(y+ 1) +yt = (2 +1)° + 27

(VP +y+1)P =2 +a+1
Viz>0néna?<a’4+z24+1>@x+1)20r=0cy=0
b)

Ap dung AM-GM ta c6:

6V +1 < 3(2* +2)

DA4u bang xay ra: Va2 + 1 = va% — 22+ 1

[z = O0z+/2 Phuong trinh ¢6 ding 2 nghiém khi m = 6
C)

4+ (z - D22 =22+2) =0

@2 +20 (@ 2+1)=0

& Phuong trinh tich
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12 2
y—+3r
a) L2 _\é_
y—|—3x_\/§
1
303 — P = ——
b) Tty
2?42 =1
o3 + 4y = y3 + 162
c)
y?+1=5(z%+1)
Giai:
2 1 9 9z
a)(1)+(2)<:>1——+7<:>( — )P ="sy
Voo Veioy o T(VE=1)?
Thay vao (1) s€ giai ra.
b) (1)+(2):

(32% =) (z +y) = (2* +¢*)?
& (v —1y) (27 + 2y + 322 + 329°) = 0
=Y
22 + 2y + 322y + 324> = 0

&
c)
o3 + 4y = 3 + 162
y? +1 =52 +1)

z(2* = 16) = y(y* — 4)
=
y? — 5 = 52
z(z? — 16) = 522y
=
y? — 4 = 52°
x=0
-~ 2
— 16
952—16:55z:y(:>y:le

L x
Ta thay vao phuong trinh (2), ra phuong trinh trung phuong
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B52

Tim m d€ phuong trinh sau vo nghiém

T+ |y —2| =2

2 —y =m
Giai:

Chia 1am 2 trudng hop dé pha dau gia tri tuyét ddi:

V6iy > 2, ta co hé:
r+y=4

S3y=8—m
20 —y=m

x—y=20
Sy=m
20 —y =m

Hé vo nghiém khi: m > 2 Nhu vay Vm > 2 hé déu vo nghiém

Cho z,y, z > 0. Tim x,y,z, biét:
22 +? + 22 =4 Tyz

rTH+y+z=2/ryz
Giai:

Ta co:

s a? > 3Ja2y222

4/TYE 2 3ifaty?

Nhan 2 vé ctia 2 dang thic trén:
4z +y+ 2)/TYz > 9ryz > Sryz
r+y+z>2/ryz

DAan dén hé nay vd nghiém

B54

Vi y > 2 nén hé vo nghiém khi 8 —m < 6 < m > 2 V6i y < 2 ta co:
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3622 + 9yt + 420 =1

2
p+yt 42 =2
Giai:
Ap dung BDT Bunyakovsky:
1 1 1 4
2 4 6 2 . .3\2
42° =1)(—=+=-+-) > = —
(3627 + 9y~ + 4z )(36+9+4)_(x+y + z°) 5
7T _ 4
> -
18— 9
Hé v6 nghiém.
B55)
Giiphngtrnh :
VT +3+V20r+4=12 -3z -7
Giai:

Cach 1: Khi ta biét nghiém 13 x=6 (doan nghiém hodc ding mdy tinh, dbi véi thi
HSG thi khong dung cach nay dudc)

St dung phuong phéap kep khi z = 6

VT +3+V2r+44+3x—7=12

Véiz > 6thi VT > 9+ /16 + /25 > 12

Véiz < 6thi VT < V9 + /16 + /25 < 12

Véiz =6thi VT =9+ V16 + /25 = 12

Vay nghi€ém cua phuong trinh 1a x = 6

Cach 2: Giai theo cach chinh quy

VI+3-34+vV22+4—-4+3x—-T7-5=0

o r—06 n 20 — 12 n 3r — 18 _ 0
Vr+343 1\/2x+4+42\/3x+7+5g

_6 _ 0
G- S st i T 15
r=20
B56)
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Vr—1+ Vo +8=—a3—1

Giai:

Nhitng bai nhu thé nay dung dinh 1y kep rat tot:
Vé6i z < 0 thi:

VI<1<VP

V6i x > 0 thi:

VI'>1>VP

V6ixz=0thi VI =VP

Nghiém cua phuong trinh: z = 0

Cho a,b,c 1a cac sb thoa man:
a>0

b>0

19a 4+ 6b + 9¢ = 12

Chitng minh ring c6 it nhét 1 trong 2 phuong trinh sau c6 nghiém:

(%) : 22 —2(a+ 1)z +a® + 6abc +1 =0
(k)

Giai:

22 —2(b+ 1Da +b* +19abc +1 =0

Phuong phép bién d6i tuong duong:
Ta co:
Dung A:

2a — 6abc > 0

(*)

2b — 19abc > 0
Mat khac:
19a 4+ 6b + 9c = 12

— 6abe = 19a2¢ + 9ac? — 12ac
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Va —19abc = 6b%c + 9bc? — 12bc

Do do:

2a — 6abc > 0 (1)

2a — 19abc > 0 (2)

Nhu viy:

2a + 19ac + 9ac* — 12¢ > 0

2a + 6bc + 9ac® — 12¢ > 0

Néu tdng ctia 2 biéu thic nay 16n hon hoic bang 0 thi c¢6 it nhit mot trng hai bat

dang thic trén 1a ding. Ta c6:

2 + 19ac + 9¢% — 12¢ + 2 + 6bc + 9c* — 12¢ > 0

& 4+ c(19a + 6v) + 18¢2 — 24¢ > 0

& 44 c(12 —9¢) + 18¢%2 — 24¢ > 0

& 4+9¢%—12¢>0

& (3c—2)2>0 ()

Vi (**) diing nén (*) ding, d4n dén diéu phai chiing minh.
Cho phuong trinh: 2 — (m —4)z —m +3 =0

TIm m d€ phuong trinh trén c6 hai nghiém phan biét thdéa man:
z9 + 23 = 31

Giai:

A=m?—8m+ 16+ 4(m — 3) = (m — 2)?

Phuong trinh c6 hai nghiém phén biét khi:
A>0&m#2

Ta co:

22— (m—-4HX —m+3=0

(x4+1)(z—m+3)=0
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r1=—1
<~
rTo=m —3

& (m—2)P°=32<m=>5 (théaman z # 2)
B59]

Giai phuong trinh sau:
Vi+6—+vr—3—vr+1l—+yz—-2=0 (¥)
Gidi:

bK: z > 3 (%)
SVr+6—Vr—3=+vVr+1+Vz—2
9 3

ﬁx/x+6+\/x—3:\/x—l—1—\/x—2
@\/x+6+\/:1:—3:3(\/a:—|—1—\/x—2)

r+6=2Vx+1—-+vr—2
&2+ 44 2)(x+6)(z—2) =4(z+1)
& (x+6)(r—2)=

Sr=3
B60

222 + 8 + 6 =
Giai:

Dit: y +2 = 2(z +2)? -2
Khi do:

— +4
yt2=4%

r+4
2

20y +2)2 =2+ 4

2)? =y +4
xung loai 2

(
¢ dbi
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Cho hé:
234+ 2y% — 4y +3=0
2?4+ 2%y? —2y =0
Tinh: Q = 22 + 2
Giai:
Dung phuong phap danh gia:
Tu phuong trinh (1), tinh A ta co: P<—ler<-—1
Tu phuong trinh (1), tinh Ataco: » > —1

Nhu vy, x = —1 Thay vao ta tinh dudc:

y=1
Do do: Q) =2
2

a)\/:v+1+\/1—:z::2—x4
bvVz+1+vVr+10=+z+2++Vx+5
Giai:
a)
| Vi+tz=a (a>0)
bat:

Vi—xz=b (b>0)

_|_b_7_f_a2b2
STV Ty

>+ =2

Hé dbi xing loai 1

Ve +1+vVe+10=vVz+2+Vx +5

2+ 11+2/(x+1)(x+10) =224+ 7+ 2,/(x + 2)(z + 5)
S4+2?+ 1z +10+4y/(z + 1)(z + 10) = 22 + Tz + 10

sVr+1l(Ve+1++x+10)=0

—r=—1
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B62
Giai phuong trinh sau:
33 =267 — 323 —13 (x> 0)

Giai:

33z = 96w _ 3 93r _ 13
27 8 1

REN T3 (=)' +13(—)* =1
(64) + (64> + 3(64)

Ta thiy:

V6ixz =1, VI=VP nén x = 1 1a 1 nghiém

V61 x > 1, ta co:
27 .. 27
(@) < 61

27 . 8 1 27 27 1
S 4 3(=)T 4+ 13(— ) <+ 4+ 13.—
(62 + 3"+ 130" <60 T T B

V61 x < 1, ta co:
27 ., 27

- > -
(64) 64

27 8 1 97 97 1
ll (O 3ty s 2h 2l g
G2 T3 G TG >t e T B
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Nhu vay, phuong trinh cé nghiém duy nhit: z = 1

a)
T . 2x _§
24+x+1 224+2x+1 15
b)
2x Tx
- =1
322 —x+2 3x24+5r+2
C)
2 2522
7+ sy = U
d)
(62 +7)*(Bz+4)(z+1)=6
€)
4(z + 5)(z + 6)(x + 10)(x + 12) = 322
K V3
2v/3
+V3z + Vix =
VBT VI =
g)
r+4vVr +3+ 23 -2z =11
h)
B e
V3r+10
1)
(Ve +5—vVz+2)(1+Va2+ Tz +10) =3
J)
Var2 +5r+1—-2vVa2 —2+1=92—3
Giai:
a) DK: z # —1
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Xét x = 0 khong phai nghiém. Ta cé phuong trinh da cho tuong duong:

1 1 1 18

:13—|—1+§ 2T 2t 15
1
bat:t =z + —
T
1 1 18

= + =
1+t Jt+1 15

Dén day c6 thé gidi quyét dé dang
2
b) bK: x # —1; x;«é—g

Xét x = 0 khdng phai nghiém
Phuong trinh da cho:
2 7
= 5 — =
3r—1+=2 3r+5+%

2
bat:t =32+ —
h
Dé dang giai dudc phuong trinh nay
c¢) Tach ra:
bK: z # -5

Phuong trinh ban dau:
5% 9 51’2
2
x+ 5) N r+9
522 _1q

& (v — =1

bat: t

z+5
Khi d6: 2 + 10t = 1

Pén day thi coi nhu xong

d) Phuong trinh trG thanh:

(62 + 7)%(6z + 8)(6x + 6) = 72

& (3622 + 842 4 49) (3622 + 842 + 48) = 72
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3622 + 84x + 48 = 8

3622 + 84z + 48 = —9
Coi nhu xong

e) 4(z +5)(z + 6)(z + 10)(z + 12) = 322
4(z% + 172 + 60) (2% + 162 + 60) = 322

& 4a(a — 1) = 322 (v6ia = 22 + 17z + 60)
& (20— )% — 422 =0

Dé dang gidi ra

f)
/7 2\/5(1+\/§2+2)(\/§+1)
g)

Sr+3—4Vr+3+4+3—-2x—2/3—-2x+1=0
& Wr+3-22+(H3-22-1)%2=0

VI+3-2=0
=

V3—-2r—-1=0
Sr=1

h) Nhén véi bi€u thiic lién hop:
3 3x

i
V3r+10 Bz +1+1

3xr =20
V3r+10=+3z+1+1<x2=5

z =0

T =095

) Dit an phu:
a=+vVr+5 (a>0)
b=+vVz+2 (b>0)

Khi do ta co:

[,

eVr=3(V3+1)2ez=9+3+1"

Box Toan hoc
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a>—b>=3

(a—b)(1+ab) =3

S(a—=b)(—a—b+1+ab)=0

S a—b)a—1)(b—1)=0

a=>o
“ya—1=0
b—1=0

r=—4

r=-—1
j) bit 4n phu:

Var2 +5x+1=a (a>0)
Va2 —z+1=b (b>0)
Khi do:

a? —4b* =9z — 3

a—2b=9x —3
& (a—2b)(a+20—1)=0

Dé dang tim ra x.

B64

2?4+ 7= (x+ 4V + 7
Giai:

bit: t = Va2 + 7

22— (x+4)t+4x =0

A= (z —4)?
t1 =2 (loai)
to =14

&S ax =23

Box Toan hoc
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2 1 1 1
Cho3s0x,y,z#0théaman: —+ -+ — =0
r oy oz
Tinh: A= 2+ 224 =
22 a? oy
Giai:
1 1 1
Taco: Vii—+ -4+ —-=0
r oy oz
1 1 1 3
Nén: w4+ 5+ —5=—
x3+y3+z3 TYZz
1 1 1 3
Suyra: A = xyz(g + " + ;) = a:yzx—w =3

B66|

3r —y —o52 —2yz =0
T—5y—2—222=0

x4+ 9y —32+2x2=0

Giai:

Hé da cho tuong duong:
3r—y—5z—2yz=0 (1)
20 — 10y — 22 — 422 =0 (2)

r+9y — 324222 =0 (3)
(1) = (2) — (3) & 422 —2yz — 202 =0
z2=0

r+y =2z
Thé vao hé ban dau sé ra

B67|
2z —1P2=12Va2 -z +2+1
Giai:

PK:
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V6i diéu kién trén, phuong trinh ban du tuong duong:
4 —dr+1-12vVa2 -2 —-2=1

4z —r-2)-232V22 2 -2+9=1

o Wi2-r—2-32%=1

Vi —z—-2=4
=

Va2 —z—-2=2

a? -1 —18=0
-~

2 —2-6=0

Ca 2 phuong trinh trén déu c6 nghiém, gidi ra va doi chiéu nghiém

4a3 + 322 =Ty
3+ 622y =7
Giai:

Tuhétasuyraz,y >0
batz =ay (a > 0)
Ta co:

4a3y3 + 3ay® = Ty (1)
y3 4 6a%y3 =7 (2)

Tu (1) ta dudc:

9 7
Y T 4d3 1 3a
T (2) ta dudc:

7

3 _

Y T 162 .
: 3 _ 2

nghtarrow(m) = (1 n 6a2)

Giai phuong trinh trén dudc a = 1

Do d6 x = y = 1 (thda man)
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J@—=2)4—2)+ Vo —2+ VA —a+ 623z = 23+ 30
Giai:

bK:2<z <4

DE y ta sé thay 62v/3z = 2.v/22.27

Ta sé dua vé phuong trinh ddnh gid

Ta co:

(Vo —2+vV4—2)*<8(r—2+4—1x)=16
Vi—24+vi—x<2

J@—2)d-2) <1

Je-a-n <1

DAu bang xay ra khi z = 3

Ding BDT AM-GM

6zv/3x < 2% + 27

Cong vé theo vé cac bat dang thiic vira chiing minh:
J@—2)4—2)+ Vo —2+ VA —z+ 623z < 23+ 30
Nhu vay phuong trinh c6 nghiém khi x = 3

¢ = 3 12 nghiém duy nhét

2xy 2
x + =x" +
Jr2 —2x+9 Y
ry
(7 5 :y2+x
yc—2y+9
bK:x,y € R

bat: Va? —2z4+9=a ; Jy>?—2y+9=10>
sSad-P=2>—y* -2+ 2

Trit vé theo vé cic phuong trinh clia hé ta dudc:

11
2uy(= — ) = o

- — —y? =20+ 2y
a b
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45



Diendan.hocmai.vn [Toan 9] Tan phuong trinh va hé phuong trinh

b
2xy ba = (a — b)(a® + ab + b?)
a
2
(a—b)(a2+b2+ab+xl;y):()
a

Pén day dé dang gidiraz =y =1 hoicz =y =0

a) 5vz3 + 1 = 2(2? +2)

7 7
b)\lx2—352+\lx—xz=a:

Giai

a)

bK:z > -1

bat: vetl=a (az0)

Va2—z+1=5b (b>0)

Phuong trinh tré thanh:

2a* — 5ab + 2b% = 0

< (20 —a)(b—2a) =0
r+1=4(2>—-2+1)
P —x+1l=4dx+4

b) bK: x>0
@:C—Ja:—7—\l:c2—7
2 x2
7 7 7
2 2
7
\ x
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1
r——2>0

bK: 1—-=>0 ©z>1

x>0
Phuong trinh ban dau:

@(x—u—i)?:( x—;ﬁ

1
sl il 251 —

T

SHE

@x(x—l)fQW—l)+1:0x©( z(x—1)—1)2=0
L_L1+V5
2

V2r =345 —2x =322 — 12z + 14
V2r —3+ 5 —22 <22 —3+5—21) =2
322 — 122 + 14 > 2

DAu bang xay ra: z = 2

Nghiém: x = 2

x4+ 3y
—= =3 (1

r—Y
—5 =0 (2
Ve (2)

Nhan 2 vé ctia phuong trinh (1) véi x, ctia phuong trinh (2) vé6i y. Trir vé theo vé céac
phuong trinh v6i nhau. Ta dudc:
22—y’ +1=3z (3)
Nhan 2 vé clia phuong trinh (1) v6i y, ctia phuong trinh (2) vé6i x. Trit vé theo vé cac
phuong trinh v6i nhau. Ta dugc:

=@

2x — 3
Thé (4) vao (3) ta dudc:

ey +3 =3y &y =
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Azt — 2423 +492% - 392 =02 =0; v =3
Nghiém: (z;y) = (0;1);(3; 1)

B74

Tim diéu kién can va di d€ phuong trinh sau c6 nghiém:
(z4+a)*+ (x+b)*=c

Giai:

bat:
a—+b

2
_b—a

2
u = t2

Khi do:

t—d)+(t+dr=c
th+ 82> +dt —c=0
u? 4+ 8d%u + d* — ¢ (x)

t=x+

d

Phuong trinh ban diu c6 nghiém khi phuong trinh (¥) c6 nghiém khong 4m
dt—c<0

w4y —ay=1

234+ 3y3 =2+ 3y
Giai:
Ta co:

2 02 o

4y —ay=1 (1)

z(z—1)=3yly—1) =0 (2)
Tu (2)suyra: 2> — 1 = oy — y? ; 1 —y? = 2% — zy, thay vao (1) ta dudc:
z(zy —y*) = 3y(2® —xy) =0
& 2zy(x —y) =0
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o
< |lxz=0
Y= 0
Nghiém:
(23 9) = (0;0); (0; £1); (£1;0)

Hé phuong trinh nghiém nguyén:
1022 + 5y + 1322 = 122y + 4xz + 6yz
o3 498 + 23 =288
Giai:
1022 + 5y + 1322 = 122y + 4xz + 6yz
& (32— 292+ (y —32)% + (z — 22)2 =0

3r =2y

T =2z

T Y z
s — = = = —

2 3 1
(:)a:3_y3_z3_:1:3+y3+z3_
8 27 1 8+27+1
r=4

y:

z =
B77

a) 4z + 4y —day + 552 +1 =0
b))zt =242+32=0
)Av2 —at > -2t 45

a) 4z’ + 4y —dzy + 552 +1 =0

Box Toan hoc
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& (4% —day + %) + (dy? +4y +1) =0
& 20 —y)?+ 2y +1)?=0

& (@y) = (—3 )

4 2
b))zt =242 +32=0
ot + 42?2 + 4 = 422 + 242 + 36
& (22 4+2)% = (22 +6)?
2 4+2=2r+6
=
2242420 4+6=0

S -22-4=0

sSr=1++5

)Av2 — > —2t +5

= 4(—2?4+32+vV2—21-3) < -2t —42®+ 122 - T 0 < (22— 1) —6(x —1)?
Sr=1

a) (V2+VB)" + (v2 - v3)" =4

b) (22 + 1)(y? +2)(2* +8) = 32xyz

341
S P N v

2
Giai:
a) (V2+ V3 =a; (V2—-V3)"=b
) a+b=4
Ta co hé:
ab =1

b) Dung AM-GM:
(22 + 1) (y% + 2) (2% + 8) > 2|z|.2v2]y|.4V2|z| = 32|zyz| > 32wy

bt Vo2r—1=t==2r+1
3+ 1 =2t

y?+1=2z
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22y —2ry —6x+y+2=0 (2)
Giai:
Xét phuong trinh (1)
2 85

A= —4ly+—2)=—4 >
(5)7 =4y + 55) y+9>0

sy> "
y=74

Xét phuong trinh (2)
AN=y+32—yly+2) =4y+9>0
Sy> -7

Nhu vy, y = —Z

Thay vao tinh x.

B8O
7x3+12x+7:§m+x+1
Giai:
yxmzm”:gmﬂﬂ

—3(2? — 3z — 2) 3 15
Yo Yo 2:—:1::—3:15—2
Vb + 122+ 7+ (e + DVa3 + 120+ 7+ (x +1)2 2

230 -2=0

22 +4r=r+6
Giai:
bK:z > —6

2 +4r=r+6

st + 83 4+1622—1r—-6=0
(22432 — 2)(z2 + 52+ 3) = 0
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Giai va doi chieu dieu kién

_ HET—

Box Toan hoc 52





